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Abstract
The scalar normal modes of higher dimensional gravitating kink solutions are
derived. By perturbing to second order the gravity and matter parts of the
action in the background of a ve-dimensional kink, the eective Lagrangian
of the scalar fluctuations is derived and diagonalized in terms of a single
degree of freedom which invariant under innitesimal dieomorphisms. The
spectrum of the normal modes is discussed and applied to the analysis of short





Higher dimensional kink solutions [1] have been introduced in order to discuss the local-
ization properties of elds in the context of innite extra dimensions [2{5]. Of particular
interest is, in this framework, the problem of localization of gravitational interactions [6,7]
and of gauge interactions [8{14].
It has been recently shown that ve-dimensional gravitating kinks possess and inter-
esting structure of zero modes [15] (see also [16] and [8]). In their simplest realization,
gravitating kinks can appear in ve-dimensional scalar-tensor theories of gravity when the
ve-dimensional bulk coordinate is innite [17,19{21]. The gravity theory can be taken to
be, for simplicity, of Einstein-Hilbert type (appropriately extended to higher dimensions).
However, also quadratic gravity theories with Gauss-Bonnet self-interactions allow the same
type of static solutions [22,23]. More generally, string inspired solutions with Gauss-Bonnet
terms have been discussed from dierent points of view [24{29].
Gravitating kinks have scalar, vector and tensor normal modes [15] with respect to four-
dimensional Poincare transformations which are always unbroken. The tensor normal modes
have been extensively analyzed in the context of brane solutions with AdS5 geometries [6,7]
where it has been shown that Poincare invariance in four-dimensions implies the existence
of a localized tensor zero mode. The tower of massive states, when resummed, leads to
computable corrections to the Newton potential at short distances. The vector modes of the
geometry (the so-called graviphoton elds) are not localized on ve-dimensional gravitating
kinks and they are always massless [15,30].
A dierent situation appears in the case of scalar degrees of freedom since they do have
continuum modes. As it will be shown in detail, the scalar fluctuations of the action per-
turbed to second order combine in a single degree of freedom. This combination diagonalizes
the full (second order) action and it is invariant under innitesimal dieomorphisms.
It is the purpose of the present paper to derive precisely the eective Lagrangian of the
scalar normal modes of the gravitating ve-dimensional kink solutions. There is no a priori
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reason to expect the simplicity of the result from the complicated structure of the scalar
action perturbed to second order. The strategy is, in short, the following. Consider the
















In this framework, kink solutions can be obtained in a geometry of the type
ds2 = a2(w)[ηµνdx
µdxν − dw2], (1.2)
where w is the bulk coordinate and ηµν is the Minkowski metric. The potential appearing
in Eq. (1.1) is symmetric for ϕ! −ϕ. The gravity and matter parts of the action (1.1) will
then be perturbed to second order in the amplitude of the scalar fluctuations of the metric
without xing a specic gauge 1:
δ(2)S = δ(2)Sgr + δ
(2)Sm. (1.3)
In this procedure various total derivatives appear. Some of them are expected. For instance
the known total derivative coming from the surface term of the Einstein-Hilbert action.
Other total derivatives are accidental in the sense that they appear only when the perturbed
gravity and matter part of the action are combined and evaluated on-shell, i.e. on the
background conguration.
A naive way of thinking would suggest that the perturbation of the action to second
order should led exactly to the same results one would obtain by perturbing to rst order
in the amplitude of the scalar fluctuations the equations of motion derived from the ac-
tion (1.1). This procedure has been already discussed and the present analysis shows that
the naive expectation is only partially true. From the equations of motion various gauge-
invariant quantities can be dened all leading to decoupled equations for the fluctuations.
1In the present paper, the first order fluctuations of a given quantity will be denoted by δ(1) while
the second order fluctuations will be denoted by δ(2).
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These variables, even if invariant under innitesimal dieomorphisms, do not diagonalize
the action and, hence, are not the correct normal modes of the scalar tensor action (1.1) in
the background of a gravitating kink.
The canonical structure of the action is particularly important if the fluctuations of a
given spin are quantized. It would not be correct to quantize a fluctuation whose action
is not canonical. For instance, it could be easily shown that the scalar mode associated
with the fluctuation of the eld ϕ obeys a Schro¨dinger-like equation when the coupling to
the metric fluctuations is ignored. The canonical normal modes are the correct classical
quantities to be promoted to eld operators.
The present paper is organized as follows. In Section II the basic properties of the
formalism will be introduced. In Section III the second order fluctuation of the gravity and
matter parts of the action will be derived. Section IV contains the diagonalization of the
full action in terms of its canonical normal modes. In Section V the corrections to Newton
potential coming from the tower of scalar fluctuations of a gravitating kink will be addressed.
Finally Section VI contains a summary of the main ndings and some concluding remarks.
For purposes of presentation, various technical details needed for the derivations have been
collected in the Appendix.
II. GRAVITATING KINKS AND THEIR FLUCTUATIONS
In the metric (1.2) the background equations of motion derived from the action (1.1)
become














ϕ00 + 3Hϕ0 − a2∂V
∂ϕ
= 0, (2.3)
where H = a0/a and the prime denotes derivation with respect to the bulk coordinate.
Notice that natural gravitational units 2κ = 1 are used. Eqs. (2.1){(2.3) admit gravitating
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kink solutions. For instance, we will be interested in solutions of the type
ϕ(w) =
p
6 arctan (bw), (2.4)




arising in sine-Gordon potentials







or in other classes of symmetric potentials [17{27].









αdw − (1− 2ξ)dw2
}
(2.8)
where ψ, ξ, C and E are four functions characterizing the scalar (Poincare-invariant ) modes
of the rst order fluctuations of the metric GAB, i.e., in our notations, δ
(1)GAB.
The innitesimal dieomorphisms preserving the scalar nature of the fluctuation are
xµ ! ~xµ = xµ + ∂µ,
w ! ~w = w + w. (2.9)
Under the innitesimal coordinate transformation (2.9) the scalar fluctuations of the metric
change as
~E = E − , (2.10)
~ψ = ψ −Hw, (2.11)
~C = C − 0 + w, (2.12)
~ξ = ξ +Hw + 0w. (2.13)
In spite of this, two gauge-invariant fluctuations can be constructed [15]:
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~Ψ = ~ψ −H( ~E 0 − ~C), (2.14)
~ = ~ξ − 1
a
[a( ~C − ~E 0)]0. (2.15)
The fluctuations of the domain-wall itself (i.e. the fluctuations of ϕ)
ϕ(xµ, w) = ϕ(w) + χ(xµ, w), δ(1)ϕ = χ, (2.16)
are also non gauge-invariant
~χ = χ− ϕ0w. (2.17)
The gauge-invariant scalar eld fluctuation will be
~X = ~χ− ϕ0( ~E 0 − ~C). (2.18)
It is worth noticing that Eqs. (2.14) and (2.15) are reminiscent of the Bardeen potentials
which are normally introduced in the gauge-invariant theory of gravitational fluctuations in
four-dimensional cosmological backgrounds [31]. Of course the problem treated here is very
dierent: we deal with static backgrounds, we are in ve dimensions and four-dimensional
Poincare symmetry (unlike ve-dimensional Poincare symmetry) is unbroken.
Already from this analysis we can guess that there are three gauge-invariant scalar func-
tions subjected to the Hamiltonian and momentum constraint. Hence only one degree of
freedom describing the scalar fluctuations of the gravitating kink should be expected. This
degree of freedom will emerge naturally from the structure of the eective action perturbed
to second order in the amplitude of the fluctuations appearing in (2.8).
III. GRAVITY AND MATTER ACTIONS TO SECOND ORDER
The gravity part of the action (1.1) will now be perturbed to second order in the am-
plitude of the scalar fluctuations of the metric. First of all it should be noticed that the












































































































AB are, respectively, the background values of the metric and of the
Christoel connections. In (3.2) there are dierent kinds of contributions coming both
from the second order fluctuations of the inverse metric (and of its determinant) and from
the second order fluctuations of the Christoel connections. All the results needed in order
to obtain the explicit form of (3.20 in terms of the degrees of freedom appearing in Eq. (2.8)
are separately reported in the Appendix. Thus, using the results of the Appendix, and,
in particular, inserting Eqs. (A.2){(A.3), (A.4){(A.5) and (A.6){(A.7) into Eq. (3.2) the









48ψ2 + 18ξ2 + 12(ξ + 2ψ)2E + 48ψξ + 6(2E)2




48ψψ0 + 12ψ2E 0 + 12ψ02E + 62E2E 0 − 12∂α∂βE 0∂α∂βE
− 12∂αC∂αψ + 3∂αC∂αξ + 24ξψ0 + 6ξ2E 0
)
− 6∂αψ(∂αψ − ∂αξ) + 12ψ02 + 6ψ02E 0 − 2ψ02C − 4∂αC 0∂αψ



















β2E − ∂ν∂βE∂α∂β∂νE + 2∂βC∂α∂βE 0








The same procedure discussed in the case of the gravity part of the action, should be
repeated for the matter part. recalling the notation for the fluctuations of the domain-wall








































Using now Eqs. (A.2){(A.3) and Eqs. (A.4){(A.5) into Eq. (3.5) we get the explicit form










ξ2 − 8ψ2 − (2E)2 + 2∂α∂βE∂α∂βE − 4ψ2E
+ 8ψξ + 2ξ2E − ∂αC∂αC
]
+ (ξ − 4ψ − 2E)
[







χ02 + ∂αχ∂αχ+ ϕ0∂αχ∂αC














The contributions to the second order action coming, respectively, from the gravity (3.3)
and matter parts (3.6) should be combined. In this procedure various simplications occur.
2Notice that, in order to shorten the notation, the convention 2 = ηαβ∂α∂β has been adopted.
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First of all, since the action should be evaluated on the background of the gravitating kink,
Eqs. (2.1){(2.3) can be imposed. The resulting (total) action is, therefore,








12ψ02 + 3(H0 + 3H2)ξ2 − 6∂αψ(∂αψ − ∂αξ) + 24Hξψ0














a2χ2 +2(E 0 − C)(6Hξ + 6ψ0 + ϕ0χ)
]
+ D1 +D2 +D3 +D4 +D5
}
, (3.7)
where D4 and D5 are two further total derivatives which appear as a consequence of the use







2∂αE 02E − 2∂βE 0∂α∂βE
)













−3H(2E)2 + 12Hψ2E + 24Hψ2 − ϕ0χ2E + (4ψ + ξ)2C
− (ξ + 4ψ)ϕ0χ
]}0
. (3.8)
The action obtained in Eq. (3.7) will now be diagonalized.
IV. CANONICAL NORMAL MODES OF THE SECOND ORDER ACTION
The variation of the action (3.7) with respect to (E 0 − C) leads to the constraint
6Hξ + 6ψ0 + ϕ0χ = 0. (4.1)
From the gauge-invariant analysis of the evolution equations of the fluctuations we do know
that there are variables obeying simple (Schro¨dinger-like) equations. However, we cannot
say, only from the equations of motion, that these variables diagonalize the second order
action.
In order to diagonalize the action (3.7) let us look rst at a small portion of it, namely
the kinetic terms of the various fluctuations. If a variable diagonalizing the kinetic terms
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can be found, then it will be worth trying to see if also all the other terms of (3.7) will be















where the ellipses stand both for the other terms of (3.7) and for the ve total derivatives.

















where D6 is a total derivative and G is given by
G = a3/2χ− zψ, z = a
3/2ϕ0
H . (4.4)
Hence, G diagonalizes the kinetic part of the action (3.7). It will now be shown that the
same variable G diagonalizes the full action (3.7).
Notice, preliminary, that the variable G is gauge-invariant. In fact, reading-o, from Eqs.
(2.11) and (2.17), the gauge-variations of ψ and χ for innitesimal dieomorphisms we also
see that
~G  G = a3/2X − zΨ, (4.5)
where Ψ and X are, respectively, the gauge-invariant longitudinal fluctuation and the wall
perturbation as dened in Eqs. (2.14) and (2.18).
From Eqs. (4.1) and (4.4) the wall fluctuation and the derivative of the longitudinal






















Inserting Eqs. (4.6) into Eq. (3.7) we nd, after a rather straightforward but algebraically
long procedure, that
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V. CORRECTIONS TO NEWTONIAN POTENTIAL
The correction to Newton’s law at short distances is well known in the case of the tensor

















2ha3/2 and h stands for each polarization of the tensor modes of the metric.








µm = 0, (5.2)
and the related equation for hm is
h00m + 3Hh0m +m2hm = 0. (5.3)














is nite. In the case of the higher-dimensional kink solution we can focus the attention on
the case where, according to the example of Eqs. (2.4){(2.7) , a(w) = (b2w2 + 1)−1/2. In





, bw  1. (5.6)








where Jν(mw) and Yν(mw) are Bessel functions of index ν [32]. The solution given in Eq.
(5.7) is the same one appearing in the case of Ref. [6,7] and determines the known correction
to Newton’s law








which arises from the contribution of the bulk continuum modes.







Gm = 0. (5.9)











As previously discussed [15], the scalar zero mode is not normalizable. The solution for the
zero mode is




and the integrand of ∫ 1
0
jG0j2dw, (5.12)
diverges for w ! 0 for both linearly independent solutions parametrized by the two arbi-
trary constants c1 and c2. Notice also, incidentally, that z
00/z diverges when the zero-mode
12
diverges.. This means that the zero mode is decoupled from the four dimensional dynamics.
If we want to discuss the corrections coming from the continuum modes it is useful to work





2gm = 0. (5.13)











The eective cut-o wmax will be taken to 1 after having determined the spectrum of mass
eigenstates which is discrete for nite wmax but becomes continuous for wmax !1.





, w  1/b. (5.15)














, bw  1 (5.17)
Imposing now the boundary conditions (5.14) we have that
AS = −BS Y2(m/b)
J2(m/b)
. (5.18)
At innity the boundary conditions imply, instead,
AS = −BS Y2(mwmax)
J2(mwmax)
. (5.19)







which allows to determine the spectrum of mass eigenstates by noticing that at the right
hand side Eq. (5.20) the Bessel functions have a large argument (i.e. mwmax), whereas at the
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left hand side the Bessel functions have a small argument, i.e. m/b  1. Consequently, if
the small and large argument limit is taken appropriately [32,33] in Eq. (5.20), the resulting









, n = 1, 2, 3... (5.21)





z2(w)gm(w)gm′(w)dw = δ(m−m0) (5.22)
can be used in order to determine BS. the correction to the Newton’s potential will be given
by resumming














Transforming now the sum in an integral3 and taking, consequently, the limit wmax !1 it
is found that








Hence, in the case of the specic example discussed in the present section, the correction
to the Newtonian potential coming from the bulk (scalar) continuum modes are more sup-
pressed than the corrections coming from the tensor continuum modes. This situation is
reminiscent of what happens in the case of six-dimensional solutions when a string-like de-
fect is included in the matter sector [34{38]. The dierence is that in the case of [38] the
suppressed contribution comes from the tensor modes (in six dimensions), whereas, in the
present ve-dimensional context, it comes from the scalar modes.
VI. CONCLUDING REMARKS
In this paper the scalar eective action for the normal modes of ve-dimensional kink
solutions has been derived. By perturbing the full action to second order in the amplitude



















The action is then expressed in terms of a single gauge-invariant fluctuation




where X is the gauge-invariant wall fluctuation and Ψ is the gauge-invariant longitudinal
fluctuation of the metric. Furthermore a(w) is the warp factor and ϕ is the kink background.
It is interesting to notice that neither the longitudinal fluctuations of the metric nor the
wall fluctuations are the correct normal modes. The correct normal mode is obtained through
a combination (with background-dependent coecients) of the wall fluctuation and of the
longitudinal metric perturbation. The variable (6.2) is independent on the specic choice of
coordinate system since it is invariant under innitesimal dieomorphisms. Furthermore, it
should be appreciated that the derivation of (6.2) only assumes the validity of the background
equations of motion and not of any specific background solution. The variable (6.2) is the
correct quantity to use in order to discuss the possible eects of scalar fluctuations in dierent
frameworks. The zero mode associated with G is not localized but, still, the massive modes
can lead to corrections to Newton’s law at short distances which have been computed in the
case of a specic kink conguration.
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APPENDIX A: SECOND ORDER FLUCTUATIONS OF THE GEOMETRY
In this Appendix the rst and second order fluctuations of the inverse metric and of
the Christoel connections will be reported. They are needed in order to obtain the second
order form of the gravity and matter part of the action.








The rst order fluctuations of the inverse metric are















2E + 4ψ − ξ
]
. (A.3)
In order to perturb consistently the action (1.1) the second order fluctuations of the inverse

































The rst order fluctuations of the Christoel connections are
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δ(1)Γwµν = ηµν [ψ
0 + 2H(ξ + ψ)] + ∂µ∂ν [E 0 + 2HE − C],
δ(1)Γwµw = ∂µ[HC − ξ],
δ(1)Γµww = ∂

















Finally, the second order fluctuations of the Christoel connections are
δ(2)Γwµν = H(4ξ2 − ∂αC∂αC)ηµν + ∂αC[∂µHνα + ∂νHµα − ∂αHµν ]− 2ξ∂µ∂νC
+ 2ξ[H 0µν + 2HHµν ],
δ(2)Γwww = H∂αC∂αC + ∂αC∂αC 0 − ∂αC∂αξ − 2ξξ0,
δ(2)Γwµw = 2Hξ∂µC − 2ξ∂µξ + ∂αCH 0αµ,
δ(2)Γµww = ∂
µCξ0 − 2HHµα∂αC − 2Hαµ∂αC 0 + 2Hµα∂αξ,
δ(2)Γµwα = −H∂µC∂αC − 4HHµβHαβ − 2HµβH 0αβ + ∂µC∂αξ,
δ(2)Γµαβ = B
µ∂β∂αC + 2H[Hµλ∂λC − ξ∂µC]ηαβ −H 0αβ∂µC − 2H∂µCHαβ
+ 2Hµλ(∂λHαβ − ∂βHλα − ∂αHβλ). (A.7)
where, in order to reduce the already lengthy expressions, the following quantity
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